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The aim of the present paper is to prove new direct and converse results on
weighted simultaneous approximation by the method of classical KantoroviC opera-
tors in the L ,-metric using the weighted Ditzian and Totik modulus of smooth-
ness. We will obtain with a direct technique for integrable functions the complete
equivalence characterization of weighted simultaneous approximation by this
method (KX,), cn. One of the main tools and crucial estimates managing the
converse and equivalence results of the simultaneous behaviour is given by a direct
modified Voronovskaja theorem which uses the third order weighted modulus of
smoothness. @ 1994 Academic Press, Inc.

1. INTRODUCTION

For functions f € L,[0,1}, 1 <p < =, (with C[0, 1] for p = ), the nth
classical Kantorovi¢ operator K,, n € N [9}, is defined by

= k+1)/(+1)
K(fix)=(n+1) T p,u(x)f f(1)dt,
k=0 k/(n+1)

x,t€[0,1),n N, (1.1)

with
ps) = () =0

Direct and converse theorems on the global rate of L -approximation by
the method (K,), cy have been treated in various papers. Without claim
of completeness we mention [4, S, 8, 12-19].
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Our aim is to characterize the global rate of weighted simultaneous
L -approximation [l* (K, f — f)*"ll,, ¢(x) = yx(1 —x), r € N, by the
method (K,), <y to functions f € L [0,1], 1 <p < = with f*” € L [0,1]
by making use of the special welghted second order Ditzian-Totik modu-
lus wZ(f©@7; 1), , (cf. [3]). Essential for the proofs is for functions f with

e f € L0, l]the equivalence of wi(f; ), ,, s € N, both to the weighted
K- functlonal

Ko(fit)ep

= inf{lle? (f = &) o + 0¥ 2] 0?8, 0> "8 € L,[0,1]}
(1.2)

o

and to the modified weighted K-functional
Ky(f3 1) p = inf{le? (f = &), + sl gl + e,
o8, 07 € L,[0,1]}, (1.3)
(cf. 13, 6)), i.e.,
W (fi1)orp ~ K3(f50%) 2 p ~ KU fi0°) o7 (1.4)

2. DerFmniTiOoNs AND AuxiLiarY REesurts

If feLl0,1],1<p<owith (e L,[0,1], n = r, x €0, 1]. Then
K{O(f5x) = (Ko (f5 )"

(n+1)'” r

Z Po_s k( )fl/(n-H)

(”_r)'k 0

1/n+ 1) ple+ D /n+ 1)
x[/" / VRO by + o ) deduy - du
0 k/n+1)

re

(2.1)

For convenience we will work occasionally with operators K, | given for
geL 01, 1<p<wo,nzr,xe(0,1]by

K, (g;x)
+ 1)t nor et
E:_r;‘ an rk( )f]/( “

l/n+ 1) ptk+D/An+1)
xf/" f /o g(t+u, + - tu)dtdu, --- du,.
k/(n+1)

0
(2.2)
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Evidently,
KO(f3x) =K, (f75%), nzr, (2.3)
if fe L,0,1]with £ € L[0,1].

Lemma 2.1, For the functions 2, (1) = (¢t — u), i € N, we obtain

K;r)(‘()i,u;x)u=x=0 foriE{O,l,...,r— 1}’ (24)
n!
K0 ; o=l i 25
n ( rou x)u-—x r (n_r)!(n+ 1) ( )
r+1
nt ———2——(1 *2X)
K(l') 0 ; = + 1)! r
n ( r+l,u x)u—x (r ) (n _’.)!(n + 1) n+1
(2.6)
and
K(r) n . (I‘+2)' n!
n ( r+2,u$x)u=x- 2 (n —r)!(n + 1)'
a—-(r’+3r-n+ x(1 —x
N (r i )x( ) . (27)
(n+1)

where a := 3r + 4(r + 1)/12.
Moreover, forn,r,s € N, and x € E, ==[1/n,1 — (1/n)], we have

s—r—j

2r s+0i/2) 2 X
R I i i L N ()
i=0 j=0 n

(2.8)
and thus for m € N
| KO (01 i X)me] < CleP(x)n™ )™
< Cn 2 (e(x) +n )™ (2.9)

where C := C(r) is independent of k and x.
Proof. Elementary calculations. ||

Throughout this paper C will denote a positive constant not necessarily
the same at each occurrence.
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For the investigation of weighted direct and converse results in Section
3 we use the following preliminary results (called Bernstein—-Markov-type
inequalities), which are of importance in themselves [3, (9.4.1) and (9.7.7)]:

le(k,£)?"|, < cnrlifl,,  feL,[0,1] (2.10)

and

, < Clle¥ e,
feL,0,1] with f® el [0,1], (2.11)

le¥ (K,

Here 1 <p <o, ¢(x) = yx(1 —x) and C is a constant independent
of n.

For the higher derivatives of order (2r + 25) we state analogous results
in

Lemma 2.2, Let 1 <p <, o(x) = yx(1 —x) and n,s,r € N. Then
we have for n > 2r + 2s

quzr+23(K"f)(2r+25)“p < C““D2r+25f(2r+2s)”p’

fFEL0,1] with @¥**¥fr2 &l [0,1]
(2.12)

and

‘|¢2,+25(an)(2r+2.\‘) , < Cns”(Per(Zr)”p,

FeL0,1] with ¢¥fe e L [0,1], (2.13)

where C is a constant independent of n.

Proof. Fix n 2 2r + 2s. Let P, /7l be the best approximating polyno-
mial of degree [Vn ] to f € L,0,1]. Then we obtain with (2.10)

”‘Pz,-«pzs( an)(2r+2s) L
S”‘szst;szs)(f_ P{,/;T]) “p +”(P2r+ZsK:'2r+2S)Pwﬁ) "
< Cnr+s”f _ P[‘/rT]”p +|'(P2r+2xK’('2r+2S)PN’7] - (214)

Moreover, using the estimate on weighted polynomial approximation
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[3,(8.1.3)] and (2.11), we have

)(25)

_ 2r+2s @np
p “‘P (K" Py

< C([‘/;])Zs

¥ PR

”(p2r+25K’(12r+ ZS)P[‘/rT]

p

‘Per,(IZ')P[\/rT]

p

< Cn’

R
For the first term on the right-hand side of (2.14) we employ two results on
best polynomial approximation on [0, 1], [3, (7.2.2) and (7.3.1)], namely,

1 f = Pymll, < Col(fsn~'7?), and “‘Pz'Pwm(zr)

, < Cn'wl(fin™12),,

leading to

”<p2r+25K:2r+Zs)f“p < Cnr+s<“f _ P[‘/F]”p + n—rll‘PZrP[‘/;](Zr)

< Cnr+sw:r(f; n—l/Z)p.

)

Finally, we have to show that for f € L [0, 1] with p¥fi e LP[O, 1] the
following inequality is true

wir(f; n—l/Z)p < Cn—r“qaer(Zr)”p‘
Therefore we use the equivalence
W (fin™2), ~KJ(fin™"),
with
K2 (fin™"), = igf{llf —gll, + n7rlle* gl ),

where we take the infimum over all g € L ,[0,1] with p2gln e L,[0,1].
Since f itself meets these requirements we obtain

Kﬁr(f; n—r)p < n—r“(Per(Zr)“p’

which proves the lemma. |

On account of relation (2.3) we are able to transfer Lemma 2.2 into

CoroLLary 23. Let 1 <p <, ¢(x) = yx(1 —x) and n,r,s € N,
Then for n > 2r + 25 there is

lo>+2(K, ,.8)*|, < Clle?*2g®],,
geL0,1] with @¥*¥g® eL [0,1] (2.15)
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and

H ‘P2s+2,(K,,_2,g)(2S) » < Cn.ﬁH‘Png“p, g < LP[O’ 1], (216)

where C is a constant independent of n.

With this preliminary discussion we can prove the following weighted
simultaneous estimate with the modulus of smoothness.

Lemma 24. Let fe LJ0, 11 with f@0 e LJ0,1], 1 <p
o(x) = yx(1 —x) and n,r,s € N. Then for n > 2r + 2s

lo2r 22k, )22, =02 (K, 02,
< POZ(fO0n '), (217)

IA
8

where C is a constant independent of n.

Proof. For every g with ¢*'g, > *#¢®> € L [0,1] we obtain with
(2.15) and (2.16)

2r+ Zs( f<2r))(25)

le

cle (K, a0 - N, + e 25K, 802,
< Cns{H‘PZr(f(Zr) _ g)“p + n_s“‘P2r+2sg(2:)”p}-

Taking on the right-hand side the infimum over all g, we prove this
theorem by using the equivalence relation between the weighted K-func-
tional and the corresponding modulus of smoothness (1.4). |}

The following lemma gives us a useful bound for the weighted norm of
K@ R, where

R(fit:x) = /(z—u)f FOuydu,  x,t € (0,1)

1)v

denotes the integral remainder in the Taylor expansion of a function
feL0,1]with f@ e L J0,1],1 <p <.

LEmMA 2.5. Lerg € L[0,1]withg®*™ e L [0,1],1 < p < », p(x) =

vx(1 —ﬂ;)w, m,r € N. Then

,,E" < Cn—m/?

qDZr((,DZ_+_n—l)”’/2g(2r+m)”,” (218)

le

where the constant C is independent of n.
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Remark 2.6. For technical reasons the additional term n~! in (2.18) is
useful in a similar way as it has been in (2.9). This gives the estimate

E, _
» < Cn m/2”(P2r+mg(2r+m)“p_ (219)

H (Perr(Izr)( R2r+mg)

Before being able to prove Lemma 2.5, we need the following two
lemmas and a corollary.

Lemma 2.7. Let x,t €{0,1) and f, ., Q,0, € Lp[(), 1]. Then we have
for n > r the symmetry property

K:,Z')(Q(t)h(l);X) = Kfzzr)(Q(t)h(t);l -x), (2.20)

where Q: [0,11 > R is a function with Q(t) = Q(1 —¢) and h(1) =
(f(ey+ fQA —- /2.

Moreover, the function
Z(x) = Qy(x)m(x)KZ(Q(e)h(t); x), (2.21)

where 0, Q: (0,1} = R with Q(t) = Q1 — 1), Q1) = Q,(1 — 1), (1) ==
(fCt) + fAA = eN/2, A1) == (f (1) + f(1 — 1)) /2, has the symmetry prop-
erty for x € [0, 1):

Z(x)=2Z(1 —x). (2.22)
Proof. For the Kantorovi¢ polynomials (1.1) there holds
K(f(1—1);1—x) =K, (f(t);x), né&N
and with Q(¢) = Q(1 — t) we have
K(f(1)Q(1); %) = K,(f(1 = QL ~ 1);1 = x)
=K.(f(1 -0)Q(1);1 ~x)
and
K,(f(1=0)Q(1);x) = K,(f()Q(r);1 — x).
On account of the linearity of K, and the definition of # we obtain
K,(h()Q(1); x) =K, (h(1)Q(1);1-x), neN. (2.23)
From this equation (2.20) and (2.22) follow immediately. |
Remark 2.8. If the assumptions of Lemma 2.7 are satisfied, then

all, <lifll,,  AQH, < IIfOIl,.
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An example of a function with the requested property of Q(¢) is

Q(1) = *™(1)(¢* (1) + n71),
o(t) =yi(1-1), k,mneN, tel0,1].
For the proof of Lemma 2.5 we also need an estimate for the image of
the function f(¢) :=1""
LEmMMA 2.9. Lett € (0,1} and n,r € N,. Then forn > r
K, (t7;x)<Cxr,  x€(0,1], (2.24)
with a constant C independent of n.

Proof. For t € (0, 1] we have

K, (t75x)= Y S(175x), (2.25)
k=0
where
: (n+1)! 1/(n+1)
S, (t77; =
17733) = P k() [
>(fl/(n+1)f(k+1)/(n+1)(t U+ +ur)" dtdu, du,,
0 k/(n+1)
for ke {0,1,...,n — r}.
Since h(t,uy,...,u,) = (t +u, + -+ +u,)”" is monoton decreasing in
each of its arguments, we easily obtain for k € {1,...,n — r}
n! o
S, (t7;x) < +Pp—r (X 2.26
«l ) (n—r)!(n+1)p -+ )(n+1) (2:26)
and for k = 0 by a limit process
So(t7™"5x) < Cx7'p, (x). (2.27)
Observing that
(n—r)}l(k+r)! .,
Pacrk(X) = S B (6),(228)
and
k+r)! r
L——l— TT(k+i) <Ckr (2.29)

k! i=1
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we have
n—r(k+r)!
K, (t75x) <Cx7p, (x) +x77 1 L—;r)—pn,kw(x)k"
k=1 :
< & 2 Z pn,k+r(x) < Cx—r’
k=0

which concludes the proof. |
With Lemma 2.9 and the symmetry property in Lemma 2.7 we derive

CoroLLary 2.10. Letx,t €[0,1) and n,r € N, n = 2r. Then

Koo{(1=0) %) =K, 0,(17 51 = x) < C(1 —x) ™%, (2.30)

n,2r

where the constant C is independent of n.

With the symmetry property in (2.20) and (2.22), Remark 2.8, and
Corollary 2.10 we now have helpful tools for the proof of Lemma 2.5.
The left-hand side of (2.18)

E’I
p

0> K (R, i m8)

-1,

1 ‘
2r K(Zr) I ! - 2r+m-—1
e (x)K, ((2r+m—-l)!/x( “)

1/p
[’dx} . (231)

will be estimated for p = 1 and p > 1 separately. We start with p > 1 and
distinguish the two cases

Xg@ ™ (u) du; x)

U=x

O<t+u + - +u, <x<1

and
O<x<t+u + - +tu, <l
Case 1. FromO0<t<t+u, + - +u, <u <x <1 we find
u—(t+u + - +u,) x—=(t+u +- - +tu,)
0< : ~ < (232)

U X

640,78/3-3
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For n € Nwe have n™!/x <n~'/u, 1 —x <1 — u and therefore

u X
oX(u) +n! = X (x) +n Y (2.33)
From ¢?(x)/x < ¢*(u)/u we obtain for r € N
u —-r
(1) <o)< (2.34)

Combining (2.32), (2.33), and (2.34), we have

2r+m-—1

¥ (x)(u = (£ +uy + - +uy,))

24 U 2r+m-—1
r r+m-—
<@ (x)x = (t+u, + - +uy,)) (;)

2r+m—1\

<@ (u)(x — (t+u, + 0 +uy,))

?

e*(x) +n! x

@ (u) +n”! )m/z( u )’+(m/2)—1

giving for r + (m/2) > 1, ie, m € N, the estimate
2r+m-—1

0<o@¥(x)u—(t+u + - +uy))

))2r+m -1

, o(u) +n 1\
<o (u)(x—(t+u, + - +u,, ——

e (x) +n!

(2.35)

Case 2. Here we have 0 <x <u<t+u, + - +u, <1. Using
n~'/(1 —x) <n"'/(1 — u) and therefore

e =)= (e =),

1 —u 1-x
< .
PX(u) +n' T o (x) +n!

we obtain

(2.36)

Further (1 — (¢t +u, + -+ +u, ) <1 —u and 1 —u < (¢X(u)/¢*(x))
(1 — x) leads to the inequality

@2(x)(1 = (r+uy + - +uy,)) < X (u)(1 — x). (2.37)
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As(t +u; + -+ +uy, Xx —u) = x — u we get

(t+u, + - Fuy, )= (t+u, + - Fuy)x —u + ux

<(t+u + - tuy) —(E+u + o tuy)u —x + oux,
and therefore

t+uy+ 0 Fu,,—u t+u, + o tuy,, —x

< 2.38
1—-u 1 —-x ( )
Combining (2.38) and (2.36), we have
(t+u + - +uy, —u)”*"
t+u1+'-'+u2,—x 2r+m-—1
< ( = (1- u))
S(t+u + o uy —x) !
¢2(u) +n! m/2 1 — g \2r+im/D-1
s
and finally for 2r + (m/2) = 1, i.e. m € N, and (2.37) one gets
QX (x)(t +uy + o Fuy, —u)t!
(t-i-ul+--'+uz,—x)2r+m—1 . Cmp2
IS A
1'—x)"
( ) (2.39)

(- (e +u + - +uy))
So we have in both cases similar estimates. Using the Hardy-Littlewood
majorant

1

x —t

G(m; x) == sup (2.40)

1#x

flxln(u)ldu

with

n(u) = ¥ (w)(e*(u) + n~ 1" |g® ™ (u)l,

we have for p > 1 by combining (2.35), (2.39), (2.40), applying the
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Cauchy-Schwarz inequality together with (2.9) and Corollary 2.10, we
obtain in Case 1

” (Perr(zzr‘( R2r+mg) H::”

Sc{f (e2(x) +n71) "G 0 KD
EI!

i/p
X((X _ t)2r+m; X),,_xrdx}
< Cn "Gl < Cnm | (@ + ) g,

and in Case 2

E,
g

¥ K (Rr i m2)|

(1-x)

(¢*(x) +n7")

<C

'[E|G(77;X)|p m/z(Kn.Zr((t‘_)‘7)2”’;"))1/2

1/p

m/2

< C"‘mﬂ“({?zr((f?z + a1 g(sz)llp,

which proves the lemma for p > 1.

For p = 1 one has to use some typical ideas which can be found in (3,
Chap. 9, p. 145.]. By rather lengthy but straightforward calculations using
extensively the symmetry properties in Lemma 2.7 we obtain the “key
inequality”

En
1

” (’Derr(lzr)( RZ(r+m)g)

(K/N) = x| T+ N2
@*"(x)

N
<C[ ¥ pyx(x)
E,K=0

K*/(N+1)

x|

P

|(P2r+2m(u)g(2(r+m))(u)|du dx (241)
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for N, K € N and

K* ) K+2r+l)
=min{l, ——————
N+1 ( N+1

For details, see [11, Lemma 5.12]. ]

3. MaIN RESuLTS

First we prove a global direct result on weighted simultaneous approxi-
mation:
Tueorem 3.1, Let f € L0,1] with fE e LJo,1), 1 <p <,

¢(x) = yx(1 — x) . Then

Lo (K. f = 1), < Clw2(£275n7172) e, + 07 g F20N,) (31)

with a constant C independent of n.

Proof. Using the equivalence (1.4) with
KX fe)) e,
= int{le> (£ = &)l + 72227, + el e¥ (8%

¢2rg(2r)’ ¢2rg(2r+2) = LD[O, l]},

it has to be shown that

”(PZr(an__f)(Zr) < C{I_('i(f(Zr);n—l)‘PZ’vp + n—l“(erf(Zr)”p}_ (3.2)

For every g € L,[0,1] with g®*2 € L [0,1] we obtain from (2.3) and
(2.11)

lex (k.7 - )|,
e[ K, (f—8)]
+le¥(f-g)®

< c{ller(f-8)®

@2r)

= p +”¢’2r[Kn.ng(2r) —g(zr)] ”p

P

o+ (K, 28 = 2]],} (33)

640/78,3-4
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In the following we have to estimate the second term in (3.3) by

" ‘Pzr(Kn.ng(zn - g(Zr)) Hp

< C{n—](”(Png(Zr)”p + ||(’02r+2g(2r+2)”p) + n—2||¢2rg(2r+2)”p}' (3‘4)
Therefore we expand g?”’ by the Taylor formula
g(2r)(t) — g(Zr)(x) + (l _x)g(2r+l)(x) + Rz(g(Zr);t;x)

with the integral remainder
R,(g%7;t5x) = f'(t —u)g® ™ (u) du, x,t € (0,1).
X

Renumbering (2.3) and Lemma 2.1, we obtain

9¥(x)K, 2,(897; x)
= ‘Pzr(x){Kn,Zr(Q(),x; x)8(x) + Ky 2, (2 %) 8% V(x)
+K, 1. (Ro(8%7; 15 x); x))

n!
(n-2r)l(n+1)

((2r + 1)/2)(1 — 2x)
n+1 &

3r ‘Pzr( x)

% g(z,)(x) + (2r+1)(x)

+K, 2, (RA8%751; x); x)}.

If we take L,-norms we have with 1 — (n!/(n — 2r)i(n + 1)*) < C/n
for some C

le” (K. 8%" = 8%,

< C{n—l(“‘Png(Zr)”p + ”¢2r+2g(2r+2)“p) + ”992’Kn,2r(Rzg(2r)) ”p}’
(3.5)

where we have used that
le2g® M, < Clle? 2% 2, + lle¥g?"ll,.}, (3.6)

(see [7, p. 239, ¢ = —1] and [3, p. 169 (10.5.1].
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Applying lemma 2.5 with m = 2, (3.3) and (3.5),
le (k. r =),
< c{ler(r—e)*ll, +n-

l(”‘Png(Zr)”p + ||(Pzr+2g<2r+2)”p)

+n—l”‘P2r(‘p2 + n~1)g(2r+2)“p>

2r+2 (2r+2)“ (2r+2)“17

+ n-?_”(Png

n- 1 ”(P?_rg(Zr)”p} .

In view of |l¢?g?ll, < lle? (f — g)*"ll, + lle* f@7||, and by taking the
infimum over all g we derive

”‘PZr( K,f- f)(Zr) < C{I?;(f(z'); nfl)(,:r,,, 4 nle‘erf(Zr)“p},

which proves the theorem. |J

< {le*(r =)l + n'lle

3.1. MobiFieEp VORONOVSKAJA THEOREM

The following crucial estimate enables us to prove a converse result,
which includes the saturation class for the weighted simultaneous L -
approximation by the method (K ), o «. A first result in this direction goes
back to Bernstein [2], who constructed with the help of Voronovskaja’s
theorem for the Bernstein operators B, n € N, a new sequence (Q,), « s
with Q,(f; x) = B,(f — (0*(x)/2m)f"; x).

It is known that we obtain an asymptotic acceleration of convergence by
adding the supplementary term (—(*(x)/2n)f").

This idea was applied by Ditzian and Zhou [4] for the classical
Kantorovi¢ operators and in a joined paper by Lupag and the author (see
{10, Thm. 3.4]) for the V, -operators in the form (V, — (1/nXD,f) - f
with D, f == (1 — x> f" — xf".

So now we prove for the special linecar combination K, f — (1/2(n —
2r)¢e*(K. fY the following result utilizing the third weighted modulus of
smoothness.

Tueorem 3.2. Let f & LJ0,1] with f@7 € L[0,1], 1 <p < =,
e(x) = Vx(1 —x) and r € N. “Then for n sufficiently large

(n—2r)}(n+ 1)
n!

< C{wd(£O5 0717 oy + 0 PO, ). (3.7)

1 re
e\ (Kof =7 = 55 (K0S ) ”)

14
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Proof. We expand the best approximating polynomial g € IT; s to f
by Taylor’s formula

2r+3 ) (t — u)‘
g(r)= X §(u)—— + Ryy(8:150)
i=0 .

with the integral remainder
1 ' 2r+3 r
Ry i(85t5u) = mfu(’ —0) g0 (v) du,  u,r € (0,1).

With Lemma 2.1 and

Q2r+D

1
—m(¢2(x)g'(x))

(¢2(x)g(2r+2)(x) + (2,. + 1)(1 _ 2x)g(2r+l)(x)

T 2An+ 1)
=2r(2r + 1)g%®7(x)) (3.8)

we get

(n—2r)l(n+1)¥

(K$7(g;x) —g%7(x))

n!
_m(‘PZ(x)g,(x))(Zr-i—l)
-2 (n+ 1D r@2r+1
=g(2r)(x){l—(n r)n!(n s ((nr+1))}

((6r% + Tr + 2)/12)) = (2r® + 3r + 1)@*(x) )

+ g(2r+2)(x)( (n - 1)2

((( _ u)2r+3; X)u=x

— 2r 2r+3)
+(n 2ryl(n + 1) (g (*)

n! (2r+3)L "

+K,‘,2”(R2,+4(g;t;u);X)u=x)- (3.9)
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Using for r € N the asymptotic identity

(n=2r)(n+ 1Y  r@2r+1)
- n! (n+1)

~e(n?)  (now)
(3.10)
we have

(n~2r)i(n + 1)
n!

(KZ(g;x) - g%7(x))

2( — l) ((,DZ(X)g( ))(2r+1)

= g(Zr)(x)y(n—2) + g(2r+2)(x)
((6r +7r + 2)/12) — (2r7 + 3r + 1)@*(x)
(n+ 1)

(n —~2r)(n + 1)¥ { g3 (x)
n! (2r + 3)!

K(zr)((t _ u)2r+3; x)u=x

+K27(R,,  4(8;t5u); x)u=x). (3.11)

The last two terms on the right-hand side of (3.11) are estimated with
Hoélder’s inequality, (2.5) and (2.9) for m = 4 by

'K,(,z')((t _ u)2r+3; x))u=x' < M’<K'(l?.r)((t — u)2r+4; x)u=x}3/4

3
@ (x)
< C—‘n3—/2“ (312)
Combining now (3.11), (3.12) and (2.18) for m = 4 we obtain
— [} 2r 2r
(n=—2nYn+1) o (K@g — g@0) P (o2 ,}(2r+1)
n! 2(n+1) »

< C(n_ZH(Png(ZF)“p + ”_2||<p2’g(2’+2)||,, + n—2”(P2r+2g(2r+z)“p

+n_3/2”¢2r+3g(2r+3)”p +n—2“¢2r+4g(2r+4)”p)‘ (3.13)
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The next step of our proof will be to prove the estimate

(n=2r)n+ 1" ( | 0¥ e+
r K(Zr) — o2 _ 2K'
"l K =) = oy e Kas)
P
< C{wi(g‘z”; n*l/Z)‘F:,‘p Y- IH(Png(Zr)“p}. (3.14)

In order to do this we have to complete the missing parts by the following
estimate

2r 2r 2r
¢ , emn (n=2r)li(n+1) ¢ 5 2re)
—_— ! — hK/
TR n! A 2y Kl
< C[n—3/211¢2r+3g(2r+3)“p +n _lll‘Png(Zr)”p +n __2“(P2rg(2r+2)“p]
= C. (3.15)

This is done by applying Leibniz’s rule and verifying the following three
estimates (3.16)—(3.18)

2r+2 2r r+2
® + g(2r+2) B (n— 27‘)!(” + 1) P (2r+2)g < C5
2(n + 1) n! 2(n=2r) " L,
(3.16)
(1-2x)2r+ D™ - (n=2r))n+ )%
2(n+1) n!
(1 =2x)(2r + 1)o¥
K@r+b <C%, (317
z(n - 2r) n g R n ( )
and
2r+ 1)re? n=2n+1)>" 2r+1)re”
( yre” L, | Y ) ( )re kengl <cs,
n+1 n! n—2r p
(3.18)

We expand again the best approximating polynomial g of degree [Vn]to f
by Taylor’s formula (in a different way than above)

2r+2 " (t - u)f
Z & (u) T + R, .85 t5u)
i=0 :

=: Py, 2(1) + Ry, 15(8515u) (3.19)

I

g(?)
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with integral remainder

R, .(g:t;u) = f’(z — o) gy du, w,t € (0,1).

1
(2r + 2)1J,

Using Lemma 2.1, the functions on the left-hand side of (3.16), (3.17), and
(3.18), respectively are transformed into

r+ l 2r+2 2r+2)
PRI i x)g (x)

+ 1)

C(n=2n)(n+ )7 ¢¥*2(x)

K1(12r+2)(R2r+3(g; t; u)’ x)u=x’

n! 2(n —2r)
(3.20)
20 ()2r+ D(r+ 1) oM (x)(2r+ D(r+ 1) e
- _ > g r+2(x)
(n+1) 2(n+1)
_(n-2n)in+ 1) ¥ (x)(1 = 2x)(2r + 1) K@D
n! 2(n - 2r) "
X(R2r+3(g;t;u);x)u=x (321)
and
0+ Dro B (2r+1) 2n
(2r yre7(x) (n+1)(n- 2r)g (x)
(2r + (1 - 2x) .
—2(n+ 1}(n — 2r) )
_(Br+2)(2r+1)/6) — (424 6r —n + DE*(X) o
2r+2(x)

2(n —2r)(n + 1)

(n—=2r)(n+ 1)
- nl(n —-2r)

K(zr)(R2r+3(g’t’u) x)u =x (322)
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Now the terms containing the integral remainder in those expressions can
be estimated in the following way:

(n=2r)t(n + 1)
2(n - 2r)n!
< Cn '@ 2 X)KE PRy s(g5tiu) ¥) ey (3:23)
(n=2r)(n+ D¥(2r+ 1)(1 - 2x)
2(n - 2r)n!

¥ T X)VKE (R, a( 8515 u)5 X)), 2,

‘PZr(x)K'(IZr-# 18]

X(R2r+3(g;t;u);x)u:x
< Cn (1 = 2x) ¥ (X)K@ (R, 5(gs tsu); X)usy ], (3.24)

(n=2r)!(n+1)>@2r+r
{(n—2r)n!
< Cn7 Q¥ (2) K (Rypus( 85 15u) x), |, (3.25)

qur(x)Kr(rzr)(RZr+3(g; L u)’ x)u=x

respectively.
With (2.11) and P,,,, from (3.19) for g we derive

“‘PZ’Kgr)Rzrug”p < ”‘Perfxzr'ng + e KE"P,, 5l
< C{lle* g N, + llo* KPP, ).
Applying Lemma 2.1 once more, we get

<P2r(x)Kr(xzr)(Pzr+z§x) =
2r+2 (:)( ) '
= ‘PZr( ) Z . K(Zr)((t _ u)l;x)u=x
n!
(n—2r)(n+ )"
(2r + 1)(1 - 2x)
2(n+ 1)

= ¢ (x)

X g(2r)(x) + g(2r+1)(x)

(Br+2)(2r+ 1)/6) — (4r + 6r —n + 1)¢?(x)
2(n + 1)’
< Cle?(x) g% (x) + n™le¥(x) g * V(x)
20 (x) gD (x) + n e 2 (x) T I(x))

+g(2r+2)(x)
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and with
e K20P,, Hll, < Cllle?g"ll, + n MieZg® M,
+n —ZH(Png(2r+2)“p +n- l“(P2r+2g(2r+2)”p}
we have in (3.25) the upper bound
'l_IHGDZ’K,(zZI)Rerg“p

< C{n_l||<P2rg(2r)”p + nvZ(,|¢2rg(2r+1)“p + ”(P2r+2g(2r+2)“p)

+n—3“(P2rg(2r+2)”p}_

It is sufficient now to obtain an upper bound for (3.23). Since on account
of (3.6) the upper bound for (3.24) is a combination of (3.23) and (3.25).
We have with (2.19) for m = land p =1

o> *2K2r DR, . gll, < Cn~ /2|2 +3g@r+ 3|
and with (e*(x) + n™"? < o(x) + n='/? for p > 1
lo™ KPR, sgll, < Cn™12llp2 2@ + n=1) g,
< C{n"/zllcpz’”g(z’”)llp + n_11|<p2'+2g(2'+3)||p}.
Sowe getforall p>1

n -1”(PZF+ZK,(,2r+2)R2,+3g”p

< C{n—3/2“‘p2r+3g(2r+3)”p + n—2”¢2r+2g(2r+3)”p},

which proves the inequality (3.15).
Finally, with (3.13) and (3.15) there is

n!

(n=2r)!(n +1)" 2 ¢ @r+ D
r Ry o0 -~ ZKr
o [Kig —2] — 5o oK ] i

< C[n—ln(erg(Zr)”p + n—3/2”(P2r+3g(2r+3)”p
+n—2(“‘P2rg(2r)“p + “‘Png(2r+2)“p + “(P2r+2g(2r+2)“p
+llp2 g+ )} (3.26)
The following steps give estimates for the terms of the right-hand side of

(3.26) involving the third order weighted modulus of smoothness
3( (2r). —1/2)
w, f“n JR



342 DETLEF H. MACHE

First of all we get
_1/2“ zr+2g(zr+2)” < n—z/z”‘Perg(er)H +”¢ f(Zr) _ g(Zr))“
sCKj(f‘z”;(n"/z)’)wz ,
= Cwi(f(zr); n= )
and with [3, p. 59]
n—Z”‘p2r+4g(2r+4)HP < n—2‘|‘PZr+4g(2r+4)”[) +H(P2r(f(2!) _ g(Zr))”p
af pary. ¢ —17234
< CRY £ (),
= Cw:(f(zr); n‘(/z)wz’.p = Cwi(f(zr); n_‘/z)wz’vp'

Next with (3.6)

—2”"0 (2r+2)||

< Cn- {”‘p2r+2g(2r+3)“p + ”‘erg(Zr+l)”p}

< Cn 2 {lle? " 2g I, + Ml *2g 22, + Nl @I, ),

and together with ¢(x) ~n /2 and two inequalities of the weighted
approximation by polynomials (see [3, p. 91 and p. 108]) we have

2r+2 (2r+‘§)” n-32 172 2r+2

lln =722 7240
< Cn-3/2”’1-1/2(p2r+2g(2r+3)||[pl/n.l‘(l/n)]

n2lle "I,

< Cn—3/2”‘Pzr+3g(zr+3yng/n,l—(l/n)]
< Cn'3/2||qo2’+3g(2’+3)||p

and

n —Z“‘P2r+2g(2r+2)”p <Cn~ IH‘Png(Zr)”p.

Finally we get with this consideration for (3.26) that

(n—2r)l(n+1)" , o .
r K(2r) —_ o] _ ZK/ r
n! o[ Ki0g =5 2(n—2r)["’ 4]
p
< Cod(f5n V) 0 - + 0 Hip¥ g, (3.27)

which is already the desired result for the polynomial of best approxima-
tion to f. Now we make use of the fact that f=(f—-g)+g=F+g
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with [le*(f = g)?"ll, < Col(fC;n" ") 2 , [3, p. 55]. On the one
hand, we obtain with (2.11)

(n—2r)!(n+ l)zr

n!

PYKPVF|| < Cll¥Fe|,,

p

and, on the other hand, we still have to show that

’

n! 2(n —2r) (¢°K.

(n=2r)(n+ )" ¥ ) )(Zr+l)

p

< C”‘PZrF(Zr)”p — C“‘Pzr(f _ g)(Zr) ,

which means in detail that we have to verify the estimate

(n—2r)(n+1)¥
n!2(n - 2r)

(‘P2r+2K'(12r+2)F + (2r + 1)(1 _ 2x)<p2’K,(,2’+”F

< C”(erF(Zr)”p'
P

~2r(2r + 1)9¥KF)

This is done by using ((2.13), s = 1), which gives

2r r
(n—=2r)(n+1) e renp
n! 2(n—=2r)y "

p

(n—2r)(n+ 1)
<C
n! 2(n - 2r)
< Clle*Fe,,

2 2
o FEI,

and (2.11); we obtain

_ ' 2r 2r
(n=2r)i(n+1) ¢ KCNE
n! 2(n—-2r) "

(n=2r)n+ 1)”
<
B n'2(n - 2r)

2rp2r
lle* Fe7ll,

IA

g2 FIl, < Cllg?FeDl,.
n-—2r
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Also for the last term we estimate

2r r
(n=2r)(n+1) @2 e np
n! 2(n—=2r) "

P
Cm—znun+n” 1
n! 2(n—2r)

X{||(P2r+2K'('2r+2)F”p + ||(P2rK,(,2r)F||p}
C“(erF(Zr)Hp

IA

and finally we have with (3.27) for p > 1

2r

(n—2r)!(n + 1)¥

n!

(qoZr(an _ f)(?.r) _ 5 (¢2K;f)(2r+l))

(n—2r)

P

(n—=2r)(n+ 1"

n!

(P2r

x| ¥ (K F—-F)*¥ - ————

((sz, F)(2r+ 1))

(n=2r)!(n+ 1)¥

n!

2r

(% Qr+ 1)
x oK _ Qr) _ 2K’
(w (K.g—g) E(;f?i;;(@ n8)

D

< Clwy(£273n7 1) gy + 1 e f OO, ),

which proves the theorem. ||

3.2. THE EqQuIvALENCE RESULT

Now it is the aim of this subsection to show a complete characterization
result, which includes an extensive class of functions.

Up to this point we can show with Theorem 3.1 and the Berens—Lorentz
lemma (1, p. 694] for fe L,[0,1] with f©®” e L[0,1], 1 <p < = the
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equivalence between the following two statements

le> (K, f -, = (),  (n—=), (3.28)
WO, t) 0, = (1), (¢-0),  (3.29)

forreNandr<a<r+1.

This subsection will extend the above result and close the gap for the
case a =r + 1. The key idea for this extension is to replace in all
estimates the weighted modulus of smoothness by a so-called order
function ¢ which is a nonnegative function defined on [0, 1] with the
property

w(kt) < Ck*p(1), (3.30)

for ¢t > 0, k € N (C a suitable constant independent of t).

Examples are the functions (t) := t%, a € (0,2] and (1) = ¢3{In t(?,
B R

The following lemma [20, p. 259] shows that an order function ¢ has
similar properties as the weighted modulus of smoothness.

Lemma 3.3.  Let ¢, ¥, be monotone increasing and nonnegative func-
tions defined on [0, 1]. If

r

U (1) < C{wz(h) + ;17‘1’1(")}’ forall0 <t,h<1,r>0, (3.31)
then

14
o (h) < A{h'-“/z)j' t—"%fl%) dr + h’““/z)}, (3.32)
h

where A depends on C > 1 and (1), y(1).

THeoreMm 3.4 (Equivalence Result). Let fe L 0,11 with f @ e
LJ0,1,1 <p <»,reN, o(x)=yx(1 —x) and ¢ be an order function
satisfying (3.30). Then the following statements are equivalent:

1
) W (fO D2, = EWD +17) (t > 0).

We have for the functions ¢(¢) = ¢2 and ¢(¢) = t?|In¢| the following
corollary which closes the gap in the first equivalence result (3.28) and
(3.29) and further it gives us a complete characterization form with the
“intermediate regulation” functions for the rate of weighted simultaneous
L ,-approximation.
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CoroLrary 3.5. Let fe L [0, 1] with f?0 e L [0,1], 1<p <, re
N, and ¢(x) = yx(1 —x).

1. Especially for y(t) = t° we obtain the equivalence

|

e (K. -, =@y (n- =),
ow‘zp(f(zr);t)q,zr‘p:ﬁ(tz) (t - 0),
WX fi1), = #(7FY) (1 - 0),

closing the above mentioned gap.
2. For ¢(t) = t*|In t| we obtain the new equivalence

le¥ (K, f = )%, = @(n"Nnnl)  (n - =),
= WX (fO5 1)y, = @(Plntl) (1 0),
WA i), =t Vinel) (1 - 0).

Proof of theorem 3.4. For the direct result (ii) = (i) we see that with
Theorem 3.1

”(P2r(an_ f)(Zr) < C{wi(f‘z”; n~l/2)w2'~p + n-lll¢2rf(2r)“p}

=(?’(¢t(n‘/2) + %)

On the other hand, for (i) = (ii) we have to prove only the important
case for () > Ct? that means that we have the assumption

le2r (&, = )%,

In a first consideration we show that wj(f?";1) 2
tion of Lemma 3.3.

Lemma 2.2 (for s = 2) and the monotonicity of the modulus of smooth-
ness gives for g with ¢*7g?", o> *g@*H e L [0,1]and t ~n~"% 1 > 0

@ (fO751) 2 p
< c{lle*(f - K. )

= o(¥(n'7?)). (3.33)

. satisfies the assump-

L+ (e KO f - )],

+||<P2r+4K,(,2’+4)g”p)}

2r+4 (2r+4)” )}

C<¢(n—l/2) + t4n2(“¢2r(f _ g)(Zr) _ZII(P
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Taking the infimum over those g and making use of the equivalence
between weighted K-functionals and corresponding weighted moduli of
smoothness, we obtain

wi(f(z'); t)wlr‘p < C(tb(n_lﬂ) + t4n2w:(f(2'); n_l/z)wz,’p). (3.34)
This upper bound of wi(f“"”;1),x , corresponds to the inequality (3.31)
in Lemma 3.3 with r = 4and h = n /2,

Combining this and property (3.30) for ¢ we see that wi(f°"; 1), ,
behaves similar as the function ¢, in Lemma 3.3. So we get with (3.34)

_ 1 ¥(r)
w:(f(zr);h)wl’,p < An’ (]/2)/;1 PERNIVE) dr

2
< SCA(L = W/)g(h) < Cir(h).  (3.35)
Using Marchaud’s inequality [3, Chap. 6] there is

w“z(f(z’); h)er , < Cy(h).

With the modified Voronovskaja Theorem 3.2 we know that for f € L p[(], 1]
with @7 e L [0, 1] the estimate

(n—2r)(n+ 1)

n!

<p2'((1<,,f - - (<P2K;f)(2””)

2(n —2r)

14

< C{wi(f(Zr); n—]/2)¢2r.p + n—]”‘PerQr)Hp} < Cdl(n—l/Z)

holds true.
From this and the assumption (3.33) we get

2r

® 2 2r+1)
e K’
‘2(;1—2r)(‘p -f) )
2r+2 —
- __i__-+-___KE]2r+2)f+ (2" + 1)(1 2x) ZrK;2r+l)f
2(n - 2r) 2(n - 2r)
B 2r + 1 PTKEf
n-—2r " »

< Cy(n~""?). (3.36)
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To complete the proof we still have to verify the estimate

(PZr-#—ZK'(IZr-#—Z)f < Cl[l(n—]/z), (337)

D

“ 2(n — 2r)

since then

Ké(f(zr); tz)er , < {”‘Ph(f K f)(Zr) + t2||¢2r+2K(2r+2)f” }

< Cy(t) < C(y(t) + %)

and the final conclusion (i) = (ii) of this theorem is proved.
First of all we obtain that (3.36) and the Bernstein inequality (2.11)

imply

2r+2 (2r+")f (27‘ + 1)(1 - Zx)(per(zr+l)f < Cllf(n_l/z)
2(n—2) 2n - 2r) " L '
(3.38)

If

2rpr(2r+ 1) -1/2
——————2(” — 2r)“(p K Ofll, < Cyg(n™1?)

then we get with (3.38) the estimate (3.37).
This is done for p > 1 in a routine way utilizing the Hardy-Littlewood
majorant of the denominator on the left-hand side of (3.38) multiplied
with @2
In the missing case p = 1 we have for 0 < x < 1:

[ e (1) | s

rp@reyploay _ 172
o2k I = [ M(x)
1/2 ’ /2 5, _
< [THH@O ¥ (1) [ e (x) drar
[} t

< 2’“j(;l/le(t)|¢>2’(t)f1/2x_"] dx dt
t

< CllH|;.



EQUIVALENCE BY KANTOROVIC OPERATORS 349

1

With similar considerations we have for x €[1,1] and 2(1 —x) <
@X(x) < (1 ~ x) that e K@Vf|>1 < C H),.

Finally we getfor 1 <p < x

|‘(,Der:12r+l)fl|p < C”HH[?’

together with (3.38)

H(pZ'K,(,Z'H)fH,, < H < Cd](n#l/z),

1
2(n = 2r) C” 2(n—2r)

I4

which proves the theorem. |}

10.
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