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The aim of the present paper is to prove new direct and converse results on
weighted simultaneous approximation by the method of classical Kantorovic opera­
tors in the Lp-metric using the weighted Ditzian and Totik modulus of smooth­
ness. We will obtain with a direct technique for integrable functions the complete
equivalence characterization of weighted simultaneous approximation by this
method (Kn)nEN' One of the main tools and crucial estimates managing the
converse and equivalence results of the simultaneous behaviour is given by a direct
modified Voronovskaja theorem which uses the third order weighted modulus of
smoothness. '<:' 1994 Academic Press, Inc.

1, INTRODUCTION

For functions f E Lp[O, 1], 1 ~ p ~ 00, (with C[O,1] for p = (0), the nth
classical Kantorovic operator K n , n E N [9], is defined by

with

n (k+ ll/(n+ II
Kn(f;x):= (n + 1) L,Pn,k(X)! f(t)dt,

k~O k/(n+ll

x, t E [0,1], n E N, (Ll)

Direct and converse theorems on the global rate of Lp-approximation by
the method (Kn)n E N have been treated in various papers, Without claim
of completeness we mention [4, 5, 8, 12-19].
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322 DETLEF H. MACHE

OUf aim is to characterize the global rate of weighted simultaneous
Lp-approximation 1I<p2r(Knf - J)(2rl ll p , <p(x) = vX(1 - x), r EN, by the
method (Kn)nEN to functions f E Lp(O, 1], 1 :s; p < 00 with /(2r) E Lp(O, 1]
by making use of the special weighted second order Ditzian-Totik modu­
lus w;{f(2r); r)<p2r, p (cf. [3]). Essential for the proofs is for functions f with
<p2rf EO Lp[O, 1] the equivalence of w~(f; t)<p"', p' sEN, both to the weighted
K-functional

KS(f'fS) ,
'P ' 'I' ,p

:= inf{llcp2r(f - g)llp + t sll<p2r+sg(nllpl<p2rg , <p2r+sg (s) E LAO, l)}
( 1.2)

and to the modified weighted K-functional

K;(f; t S )<p2r,p := inf{II<p2r(f - g) lip + d<p2r+sg (5}llp + f 2'11<p2rg (s)llp

1<p2rg ,<p2rg (S)ELAO,IJ}, (1.3)

(ct. [3, 6]), i.e.,

w~(f; t)<p2r,p - K;(f; t S)<p2r,p - K~(f; t S )<p2r. p. (1.4)

2. DEFINITIONS AND AUXILIARY RESULTS

j l/(n+I)/(k+D/(n+Df (rl( ) d dX t + u 1 + ... + U r f U 1 .• , du r •
() k/(n+1)

(2.1 )

For convenience we will work occasionally with operators K n r given for
g E Lp(O, I], 1 :s; p s 00, n ~ r, x E (0,1] by ,

Knr(g;x)

._ (n + I)! n~r j1 /(n + I) ...

.- ( )1 L, Pn-r,k(X)
n - r . k~(} ()

j l/(n+I)/(k+Il!(n+D ( ) d d
X g t + U I + .. , + U r t U 1 ••• du r •

(J k/(n+ I)

(2.2)
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n ? r, (2.3)

if f E Lp[O, 1] with fl r
) E Lp[O, 1J.

LEMMA 2.1. For the functions flijO := {t - uY, i E N, we obtain

for i E {O, I, ... , r - I}, (2.4 )

n!
K(r)(fl . x) = r

'
-------;-

n r.u' u~x '(n-r)!(n+l)r, (2.5)

r + 1
n! (-2-(1-2X))

K~r)(flr+I.u;x).,~x = (r + 1)! (n _ r)!(n + 1)' --n-+-l--

(2.6)

and

(r + 2)! n!
K~r)(flr+2.u;X)u~x= 2 (n-r)!(n+1)r

X ( a - (r
2 + 3r - n + I) x(1 - x) ) ,

(n+I)2 (2.7)

where a := (3r + 4)(r + 1)/12.
Moreover, for n, r, SEN, and x E En := [lin, 1 - (lIn)], we have

(s?r),

(2.8)

and thus for mEN

I (2r)(fl ) I C( 2( ) _1)m I 2K n 2r+m.u;x u~x =:::; cp x n

=:::; Cn- mI2 (cp2(x) + n- I (12, (2.9)

where C := C(r) is independent of k and x.

Proof Elementary calculations. I
Throughout this paper C will denote a positive constant not necessarily

the same at each occurrence.
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For the investigation of weighted direct and converse results in Section
3 we use the following preliminary results (called Bernstein-Markov-type
inequalities), which are of importance in themselves [3, (9.4.1) and (9.7.7)]:

1I(f'2r(Kn f)( 2rt S Cnrllfllp, f E LAO, 1] (2.10)

and

11(f'2r(Kn f)( 2rt S CII(f' 2rf(2r)llp,

f E LAO, 1] with f(2r) E LAO, 1], (2.11 )

Here 1 s p s co, (f'(x) = vx(l - x) and C is a constant independent
of n.

For the higher derivatives of order (2 r + 2s) we state analogous results
In

LEMMA 2.2. Let 1 s p s co, (f'(x) = VX(l - x) and n, s, r E N. Then
we have for n z 2r + 2s

II (f'2r+ 2s( K
n

f)(2r+ 2st S cil (f'2r+ 2sj<2r+ 2s) lip,
f E LAO, 1] with (f'2r+2sj<2r+2s) E LAO, 1]

(2.12)

and

11(f'2r+2S(K
n

f)(2r+ 2st S Cn sll(f'2rj<2r)llp,

f E LAO, 1] with (f' 2rf(2r) E LAO, 1], (2.13)

where C is a constant independent of n.

Proof Fix n z 2r + 2s. Let p[y'n] be the best approximating polyno­

mial of degree [vn] to f E Lp[O, 1]. Then we obtain with (2.10)

"(f'2r+2S( K
n

f)(2r+2s)llp

s 11(f'2r+2sK~2r+2s)(f - Piy'nl) lip + IIcp2r+2sK~2r+2s)p[y'nJllp

< Cnr+sllf- P, _II +11",2r+ 2sK(2r+2S)p -II- [y'nlp T' n [y'nJ p ' (2.14)

Moreover, using the estimate on weighted polynomial approximation
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[3, (8.1.3)] and (2.11), we have

"fP2r+2sK~2r+ 2S)p[y'nJ/lp =" fP2r+2s( K~2r)p[vnJtsl

~ C([ [,1] til fP2rK~2r)p[y'ndlp

~ CnsllfP2rJ1~~dlp'

325

For the first term on the right-hand side of (2.14) we employ two results on
best polynomial approximation on [0,1], [3, (7.2.2) and (7.3.1)], namely,

"f - p[y'nlilp ~ Cw;r(t; n -1/2)p and 111p2rp[y'nl(2r)llp ~ Cnrw;r(t; n -1/2)p,

leading to

111p2r+2sK~2r+2s)fllp ~ Cnr+s{llf - p[y'nlilp + n-rIl1p2rp[y'nl(2rt}

< Cn r+sw2r(f' n -1 / 2)
- 'P' p'

Finally, we have to show that for f E Lp[O, 1] with 1p 2rt<2r) E Lp[O, 1] the
following inequality is true

w;r(t; n- 1/2 )p ~ Cn- rllfP 2rt<2r)/Ip.

Therefore we use the equivalence

with

K;r(f; n-r)p = inf{/If - gllp + n- r/l1p2rg(2r)lI p},
g

where we take the infimum over all g E Lp[O, 1] with 1p2rg(2r) E Lp[O, 1].
Since f itself meets these requirements we obtain

K;r(f; n-r)p ~ n-rII1p 2rf(2r)/Ip,

which proves the lemma. I
On account of relation (2.3) we are able to transfer Lemma 2.2 into

COROLLARY 2.3. Let 1 ~ p ~ 00, Ip(x) = /x(1 - x) and n, r, sEN.
Then for n ? 2r + 2s there is

111p2r+2S( K
n
,2rg )(2st ~ cII1p2r+2sg(2s)llp,

g E LAO, 1] with 1p2r+2sg (2s) E LAO, 1] (2.15)
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g E LAO, 1], (2.16)

where C is a constant independent of n.

With this preliminary discussion we can prove the following weighted
simultaneous estimate with the modulus of smoothness.

LEMMA 2.4. Let f E Lp[O, 1] with f(2r) E Lp[O, 1], 1::;; p ::;; 00,

<p(x) = Jx(I - x) and n, r, sEN. Then for n 2': 2r + 2s

( 2.17)

where C is a constant independent of n.

Proof For every g with <p2rg , <p2r+2sg(2s) E Lp[O, 1] we obtain with
(2.15) and (2.16)

11<p2r+2S( Kn.2J(2rl)(2st

::;; 11<p2r+2S( Kn.2r (J(2r) - g ))(2s t + 11<p2r+2S(Kn.2rg)(2st

::;; Cns{II<p2r(J(2rl _ g)lIp + n-sll<p2r+2sg(2S)/l p}.

Taking on the right-hand side the infimum over all g, we prove this
theorem by using the equivalence relation between the weighted K-func­
tional and the corresponding modulus of smoothness (1.4). I

The following lemma gives us a useful bound for the weighted norm of
K~2r)Rs' where

1
Rs(f;t;x) = jl(t-u)'-lf(S)(u)du,

(s-I)! x
x,tE(O,I)

denotes the integral remainder in the Taylor expansion of a function
f E Lp[O, 1] with j<S) E Lp[O, 1], 1 ::;; p ::;; 00.

LEMI\ofA 2.5. Let g E Lp[O, 1] with g(2r+m) E Lp[O, 1], 1 ::;; p ::;; 00, cp(x) =

Jx( 1 - x) , m, r E N. Then

Ilcp2rK~2r)(R2r+mg)lI:n::;; Cn- m/ 21/<p2r(<p2 + n- 1(/2 g (2r+"nl/p, (2.18)

where the constant C is independent of n.
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Remark 2.6. For technical reasons the additional term n -I in (2.18) is
useful in a similar way as it has been in (2.9). This gives the estimate

II ip2rK~2r)( R 2r +mg) II:" ~ en -m /21Iip2r+mg (2r+ ml ll p • (2.19)

Before being able to prove Lemma 2.5, we need the following two
lemmas and a corollary.

LEMMA 2.7. Let x, t E [0,1] and f,!J, Q, Q 1 E LplO, 1]. Then we have
for n :?: r the symmetry property

K~2r)(Q(t)h(t);x) =K~2rl(Q(t)h(t);I-x), (2.20)

where Q: [0, 1] ~ ~ is a function with Q(t) = Q(I - I) and h(t):=
(f(tJ + fO - 1)/2.

Moreover, the function

Z( x) := Q,(x)h,( X )K~2rl( Q( t )h( t); x), (2.21)

where Q, QI: [0, 1] ~ ~ with Q(t) = QO - t}, QI(I) = Ql(I - t}, h(t) :=

{f(t} + fO - t»/2, h\(t} := (fl(t) + flO - t»/2, has the symmetry prop­
erty for x E [0, 1]:

Z(x) = Z(I - x).

Proof For the Kantorovic polynomials 0.1) there holds

and with Q(t) = QO - t} we have

Kn(f(t)Q(t); x) = Kn(f(l - t)Q(I - t); 1 - x)

= Kn(f(l - t)Q(t); 1 - x)

and

Kn(f(l-t)Q(t);x) =Kn(f(t)Q(t);l-x).

(2.22)

On account of the linearity of K n and the definition of h we obtain

Kn(h(t)Q(t); x) = KAh(t)Q(t); 1 - x), n EN. (2.23)

From this equation (2.20) and (2.22) follow immediately. I
Remark 2.8. If the assumptions of Lemma 2.7 are satisfied, then



328 DETLEF H. MACHE

An example of a function with the requested property of Q( t) is

Q(t) := cp2m(t)(cp2k(t) + n- I ),

cp(t) = yt(l - t), k,m,n E N, t E [0,1].

For the proof of Lemma 2.5 we also need an estimate for the image of
the function f{t) := t- r

•

LEMMA 2.9. Let t E (0,1] and n, r EN,. Then for n ~ r

Kn.r(t-r; x) ::::; Cx- r,

with a constant C independent of n.

Proof For t E (0,1] we have

n -r

xE(O,l], (2.24)

Kn r(t-r; x) = 1: Sk(t-r; x),
k~O

where

(n + I)! 11/(n + ])Sk(t- r., x) := p (x) .. ,
(n-r)! n-r,k 0

( 2.25)

J1/(n+ ])j(k+ ])/(n+])( ) -r d d
X t + U I + '" +U r t U 1 ••• du r ,

o k/(n +])

for k E {O, 1, ... , n - r}.
Since h(t, u 1, ••• , u r) := (t + u L + ... +u,)-r is monoton decreasing in

each of its arguments, we easily obtain for k E {I, ... , n - r}

n! ( k ) -rS t- r • x < x --k( ,) - (n - r)!(n + l)rPn-r,k( ) n + 1

and for k = 0 by a limit process

Observing that

(n-r)!(k+r)!
Pn-r,k(X) = 'k' X-rpn,k+r(X),

n ..

and

(2.26)

(2.27)

(2.28)

(k+r)!

k!

r

n (k + i) ::::; Ck r

i= 1
(2.29)
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we have

n-r(k+r)!
Kn,r(t-r; x) ~ Cx-rpnjX) + X- r E k' Pn,k+r(x)k- r

k~ 1 •

n -r

:s: CX- r L Pn,k+r(X) :s: CX- r,
k=O

329

which concludes the proof. I

With Lemma 2.9 and the symmetry property in Lemma 2,7 we derive

COROLLARY 2.10. Let x, t E [0,1) and n, r E N, n ~ 2r. Then

where the constant C is independent of n.

With the symmetry property in (2.20) and (2.22), Remark 2.8, and
Corollary 2.10 we now have helpful tools for the proof of Lemma 2.5.

The left-hand side of (2.18)

will be estimated for P = 1 and p > 1 separately. We start with P > 1 and
distinguish the two cases

o < t + u 1 + .. , +U Zr ~ x < 1

and

o < x ~ t + u\ + ... +U Zr < 1.

Case 1. From 0 < t ~ t + U1 + ... +U Zr ~ U ~ x < 1 we find

U-(t+UI+"'+U Zr ) x-(t+u 1 + +U Zr )o~ ~ ----------
U x

640,'18/3-3

(2.32)
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For n E N we have n - l/x S n - I/U, 1 - x S 1 - u and therefore

u X

ip2(U) + n- I S ip2(X) + n-I'

From ip2(X)/X S ip2(U)/U we obtain for r E N

ip2r(x) S ip2r(u)( ~)-r

Combining (2.32), (2.33), and (2.34), we have

2 ( )2r+m-1ipr(x) u-(t+u1 + ... +u 2r )

(
U)2r+m-1

S ip2r(x)(x - (t + U
1

+ '" +u 2r »)2r+m-l :;-

2 ( )2r+m-1S ip r( u) x - (t + U1 + '" +U2r)

X (ip2(U) + n- 1 )mI2(~)r+(mI2)_1
ip2(X) + n- 1 x '

giving for r + (m/2) ~ 1, i.e., mEN, the estimate

(2.33)

(2.34)

2 ( )2r+m-1o S ip r(x) U - (t + UI + .. , +U2r)

(

2 I ) ml22r 2r+m-l ip(u)+n-
Sip (U)(X-(t+U I +"'+U2r ») 2 -I

ip(x)+n

(2.35)

Case 2. Here we have 0 < x SUS t + U 1 + ... + U 2r < 1. Using
n-1/(l - x) S n-1/(l - u) and therefore

we obtain

(2.36)

Further (l - (t + u 1+ ... +u 2r»S 1 - U and 1 - U S (ip2(U)/cp2(X»
(l - x) leads to the inequality

(2.37)
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As (t + u 1 + ... +u 2r Xx - u) ~ x - U we get

( t + u + ... +u ) - (t + u + ... +u )x - u + uxI 2r I 2r

«t+u + ... +u ) -(t+u + '" +u )u-x+ux- I 2r J 2r ,

and therefore

331

t + u I + '" +u 2r - U

1 - u

Combining (2.38) and (2.36), we have

t + u 1 + " . +u 2r - x

1 - x
(2.38)

( )
2r+m-Jt + u + ... +u - UJ 2r

(
t+u + .. ·+u -x )2r+m-l

::0; J 2r (1 - u)
1 - x

< (t + u + ... +u _x)2r+m-J
- I 2r

x (cp2(U) + n- J )m
I
2( 1 - U )2r+<mI 2l-1

cp2(X) + n- 1 I-x '

and finally for 2r + (m/2) ~ 1, i.e. mEN, and (2.37) one gets

cp2r(x)(t + u
J

+ '" +u2r - u)2r+m-J

(t + u\ + '" +u 2r - x)2r+m-l 2r( )( 2() _1)m I 2
ml2 cp u cp u + n

(cp2(X) + n- I )

(1'- x)r
X r' (2.39)

(1 - (t + u 1 + ... +u2r) )

So we have in both cases similar estimates. Using the Hardy-Littlewood
majorant

with

G(1];x):= supl~t'I1](u)ldul
I#X X t I

(2.40)

we have for p > 1 by combining (2.35), (2.39), (2.40), applying the
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Cauchy-Schwarz inequality together with (2.9) and Corollary 2.10, we
obtain in Case 1

and in Case 2

(f pi (1 - x)r ( 2m )1 /2
~ C ,IG(11;X)\ 2 _I m/2 K n . 2r(t -X) ;X)

1:" (If! (X) + n )

r )
lip

_ 2r 1/2X(K n . 2r((1-t) ;X)) dx

which proves the lemma for P > 1.

For P = lone has to use some typical ideas which can be found in [3,
Chap. 9, p. 145.]. By rather lengthy but straightforward calculations using
extensively the symmetry properties in Lemma 2.7 we obtain the "key
inequality"

II <p2rK~2r)( R 2(r+mlg) II~"

N !( KIN) _ X 1
2m

-
1 + N- 2m + 1

~Cf LPN.K(X) 2m( )
E"K=O If! X

(2.41)
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for N, KEN and

~ := min(1 K + 2r + 1).
N+l ' N+l

For details, see [11, Lemma 5.12]. I

3. MAIN RESULTS

333

First we prove a global direct result on weighted simultaneous approxi­
mation:

THEOREM 3.1. Let f E L)O, 1] with j<2r) E Lp[O, 1], 1 ~ p < 00,

cp( x) = Jx (1 - x) . Then

l!cp2r(Knf- f)(2rlllp ~ C{w~(f(2r);n-1/2)<p2r,p + n- 11Icp2rj<2r)ll p } (3.1)

with a constant C independent of n.

Proof Using the equivalence (1.4) with

j(2(f(2rr. t 2) 2r<p , <P.P

= inf{IIcp2ru _ g)(2rlilp + t2I1cp2r+2(g(2r))(2t + t 4 I1cp2r(g(2r))(2)IIp;

cp2rg (2r>, cp2rg (2r+2> E LAO, lJ},
it has to be shown that

For every g E Lp[O, 1] with g(2r+2) E Lp[O, 1] we obtain from (2.3) and
(2.11)

II cp2r( Knf - f)(2r)llp

~ "cp2r( KnU - g)r2rt + II cp2r [ Kn.2r g(2r> - g(2r)] lip

+ II cp2r(f - g )(2rt
~ c{llcp2ru - g)(2rl l\p + Ilcp2r[ Kn,2rg(2r) - g(2r)]I\p}. (3.3)

640)78/3-4



334 DETLEF H. MACHE

In the following we have to estimate the second term in (3.3) by

l\lpZr(Kn,zrg(Zrl _ g(Zr1)I\p

~ C{n-I(lllpZrg(Zrlllp + IllpZr+Z g(2r+ Z1 1I p) + n-zlllpZrg(Zr+Zlllp}. (3.4)

Therefore we expand g(Zr) by the Taylor formula

with the integral remainder

Rz(g(Zr); t; x) := [(t - u)g(Zr+Zl(u) du,
x

Renumbering (2.3) and Lemma 2,1, we obtain

x,t E (0,1).

lpZr(x)Kn,zAg(Zr); x)

=lpzr(x){K (n ;x)g(Zr1(x)+K (n ;x)g(Zr+ll(x)n,Zr o,X n,Zr I,x

+K (R (g(Zr1·t·x)·x)}
n,2r 2 '"

n!

(n - 2r)!(n + l/rlpzr
(x)

{
((2r + 1)/2)(1 - 2x)

X g(Zr1(x) + g(Zr+ll(x)
n + 1

+Kn,z.(Rz(g(Zr);t;x);x)}.

If we take Lp-norms we have with 1 - (n!/(n - 2r)!(n + 1)Zr) ~ C/n
for some C

IllpZr(K n, Zr g(Zrl - g(Zr1) lip

~ C{n -I (1llpZrg(Zr11l p + IllpZr+ Zg(Zr+Z11I p ) + IllpZrKn,zr( Rzg(Zr1) lip},

(3.5)

where we have used that

(see [7, p. 239, c = -1] and [3, p. 16900.5.1)]).
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Applying lemma 2.5 with m = 2, (3.3) and (3.5),

Ilcp2r( Knf - f)(2r)llp

::::; c{llcp2r(f _ g)(2r)llp + n-l(llcp2rg(2rlllp + Ilcp2r+2g (2r+ 2l ll p)

+n- 11Icp2r(cp2 + n- l )g(2r+ 2l llp}

::; c{llcp2r(f _ g)( 2rl ll p + n-'llcp2r+2g(2r+ 2l ll p + n-21Icp2rg(2r+2lllp

+ n - '11cp2rg(2r1 1I p }.

In view of IIcp2rg( 2rl ll p ::; IIcp2r{f - g )(2 rl ll p + IIcp2rt<2r)1I p and by taking the
infimum over all g we derive

Ilcp2r(Knf- f)( 2rt::::; C{R;(f(2rl;n-I).p""P + n-lllcp2rt<2rlllp},

which proves the theorem. I

3.1. MODIFIED VORONOVSKAJA THEOREM

The following crucial estimate enables us to prove a converse result,
which includes the saturation class for the weighted simultaneous L p ­

approximation by the method (K n)n E N' A first result in this direction goes
back to Bernstein [2], who constructed with the help of Voronovskaja's
theorem for the Bernstein operators Bn, n E N, a new sequence (Qn)nEN'
with Qn(f; x) = Bn(f - (cp2(x)/2n)!"; x).

It is known that we obtain an asymptotic acceleration of convergence by
adding the supplementary term (-(cp2(x)/2n)!").

This idea was applied by Ditzian and Zhou [4] for the classical
Kantorovic operators and in a joined paper by Lupa§ and the author (see
[10, Thm. 3.4]) for the Vn-operators in the form (Vn - (l/n)(Dr!)) - f
with Dr!:= (l - x 2 )!" - xf'.

So now we prove for the special linear combination Knf - O/2(n ­
2r))cp2(K~fY the following result utilizing the third weighted modulus of
smoothness.

THEOR~M 3.2. Let f E Lp[O, 1] with t<2r) E Lp[O, 1], 1::::; p < 00,

cp(x) = ,,;x( 1 - x) and r E N. Then for n sufficiently large

I
I( n-2r)/(n+l)2r ( 1 )11

~! . cp2r (Knf - f)(2 rl - 2( n _ 2r) (cp2K~f)(2r+I) p

::; C{w~(f(2rl; n- J
/
2).p"'.P + n-Jllcp2rf(2rlllp}. (3.7)
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Proof We expand the best approximating polynomial g E O[ In] to f
by Taylor's formula

2r+3 (t - U)i
g(t)= L:gU)(u) Of +R2r+ig;t;u)

i~O 1.

with the integral remainder

1 ft 2r+3 (2 +4)R ( g' t· u) = (t - v) g r ( v) du
2r+4 " (2r + 3)! u '

With Lemma 2.1 and

u,t E (0,1).

1_ ( 2( ) '( »)(2r+ I)
2( n + 1) cp x g x

1
= - (cp2(x)g(2r+2)(x) + (2r + 1)(1 - 2x)g(2r+I)(x)

2( n + 1)

-2r(2r + l)g(2r)(x») (3.8)

we get

(n - 2r)!(n + 1)2r
----I---(K~2r)(g; x) - g(2r)(x»)

n.

_ 1 (2()'( »)<2r+1)
2( n + 1) cp x g x

(
(n-2r)!(n+l)2r r(2r+l»)

= g(2r)(x) 1 - + ---
n! (n+l)

(
(6r2 + 7r + 2)/12)) - (2r 2 + 3r + l)cp2(x) )

+ g(2r+2)(x)
(n + 1)2

( n - 2r)!(n + 1)2r (g(2r+3)(x)
+ K(2r)( )2r+3.)

n! (2r+3)! n t-u ,Xu~x

+K~2r)(R2r+4(g;t; u); X)u~x) ° (3.9)
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Using for r E N the asymptotic identity

(
(n-2r)!(n+l)zr r(2r+l))

1- + =&(n- Z
)

n! (n+l)

we have
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(n->oo)

(3.10)

(3.12)

(n - 2r)!(n + I)Zr
----,--- (K~Zr)(g; x) - g(Zr J( x) )

n.

1
_ ( Z(x) '(x))(Zr+l)

2( n + 1) cp g

= g(2r)(x)&(n- 2) + g(2r+2)(x)

X ( (6r 2 + 7r + 2}/12) - (2r 2 + 3r + 1)cp2(x) )

(n + l)z

(n - 2r) !(n + l)zr (g(Zr+3J(x)
+ K(Zr)(t - u)Zr+3. x)

n! (2r+3)! n , U=X

+K~Zrl(Rzr+4(g;t; u); x)u~x). (3.11)

The last two terms on the right-hand side of (3.11) are estimated with
Holder's inequality, (2.5) and (2.9) for m = 4 by

IK~2rJ( (t - u)Zr+3; X )L=x1 :S M!{ K~2rJ( (t - u)zr+4; X L_J3
/

4
j

cp3 ( X )

:sC~.
n

Combining now (3.11), (3.12) and (2.18) for m = 4 we obtain

II
(n - 2r)!(n + 1)2r Zr{K(2r) _ (2r J} _ cp2r {Z I}(zr+oll

n! q; n g g 2( n + 1) cp g p

:S C(n-ZIIq;Zrg(Zrlllp + n- 211q;Zrg(Zr+Z)ll p + n- 211q;Zr+Zg(Zr+Z)lI p

+n- 3/ ZlIcpZr+3g(Zr+3)ll p + n- ZIlq;Zr+4g(Zr+4)ll p). (3.13)
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The next step of our proof will be to prove the estimate

( n - 2r)'(n + 1)2r ( 2r). 2r{K(2r l _ (2rl} _ cp {2K' }(2r+l)
n! cP n g g 2(n-2r) cP ng

p

(3.14)

In order to do this we have to complete the missing parts by the following
estimate

II
cp2r (2 ,)(2r+]) _ (n - 2r) !(n + 1)2r cp2r {2K' }(2r+llll

2(n+1) cpg n! 2(n-2r) cp ng p

::;; C [n-3/ 2I1cp2r+3g(2r+ 3'llp + n _llIcp2rg(2rl ll p + n _211cp2rg(2r+ 2lllp1
=: CYn • (3.15)

This is done by applying Leibniz's rule and verifying the following three
estimates (3.16)-(3.18)

II

2r+2 (n - 2r)l(n + 1)2r r+2 II
cp g(2r+2) _ . cp K(2r+2)g < CY'.

2( n + 1) n! 2( n - 2r) n p - n'

(3.16)

II
(1 - 2x)(2r + 1)cp2r (n - 2r)!(n + 1)2r________g(2r+ I) _

2(n + 1) n!

(1-2x)(2r+ 1)cp2
r IIX K(2r+ Ilg < CY:

2( n - 2r) n p - n'

and

(3.17)

II
(2r + 1)rcp2r (n - 2r)!(n + 1)2r (2r + 1)rcp2r II_____g(2r) K~2rlg ::;; C9"n'

n+1 n! n-2r p

(3.18)

We expand again the best approximating polynomial g of degree [ItlJ to f
by Taylor's formula (in a different way than above)

2r+2 (t - ur
g(t) = L g(i)(U) ., +R2r + 3(g;t;u)

i=O l.

(3.19)
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with integral remainder

1 ft 2r+2 (2 3)R ( g' t· u) = (t - V) g r + (V) dv
2r+3 " (2r + 2)! u '
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u,t E (0,1).

Using Lemma 2.1, the functions on the left-hand side of (3.16), (3.17), and
(3.18), respectively are transformed into

r + 1__--:-ip2r+2( X)g(2r+2)( x)
(n + 1)2

(n - 2r)!(n + 1)2r ip2r+2(X)
- n1 2(n _ 2r)K~2r"'2)(R2r+3(g;t;u);xL=x,

(3.20)

(

2ip2r+2(x)(2r + 1)(r + 1) ip2r(x)(2r + l)(r + 1»)
g(2r+2)(x)

(n + 1) 2 2( n + 1)2

(n - 2r)!(n + 1)2r ip2r(x)(1 - 2x)(2r + 1) 2 1
- K( r+ )

n! 2(n - 2r) n

(3.21 )

and

(

(2r+1)
(2r + 1)rip2r(X) - g(2r)(X)

(n + 1)(n - 2r)

(2r + 1)(1 - 2x)
(2r+I)(X)

- 2(n + l)(n - 2r) g

«3r + 2)(2r + 1)/6) - (4r 2 + 6r - n + 1)ip2(x)
- 2 g(2r+2)(X)

2( n - 2r)( n + 1)

(n - 2r)!(n + 1)2r (2r) ...)
- ) Kn (R2r+3(g,t,u),xL~x' (3.22)

n!(n-2r
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Now the terms containing the integral remainder in those expressions can
be estimated in the following way:

I
(n - 2r ) !(n + 1)2r I_______"'2r+2(x)K(2r+2l(R (g' t· u)' x)

2(n - 2r)n!"" n 2r+3'" u~x

::; Cn-llcp2r+2(x)K~2r+2l(R2r+3(g;t;U);x)u~xj, (3.23)

I
(n - 2r)!(n + 1)2r(2r + 1)(1 - 2x)_____________cp2r(x) K(2r+ I)

2(n - 2r)n! n

X(R 2r + 3(g; t; u); X)u=x!

::; Cn-II(l- 2x)cp2r(x)K~2r+ll(R2r+3(g;t;u);xL~xl,(3.24)

I
(n - 2r)!(n + 1)2r(2r + l)r I

(n - 2r)n! cp2r(x)K~2r)(R2r+3(g;t;u);xL~x

::; Cn-llcp2r(x)K~2r)(R2r+3(g; t; u); x),,~xj, (3.25)

respectively.
With (2.11) and P2r+2 from 0.19) for g we derive

IIcp2rK~2rlR2r+3gllp ::; Ilcp2rK~2r)gllp + Ilcp2rK~2rlP2r+21Ip

::; C{llcp2rg(2rlllp + IIcp2rK~2rlP2r+2I1p}·

Applying Lemma 2.1 once more, we get

cp2r(x)K~2rl(P2r+2; xL~x

2r+2 g(i)(x) .
=cp2r(x) 1: ., K~2r)((t_u)';xL~x

i ~O l.

n!
- cp2r( x) ------_=_
- (n-2r)1(n+l)2r

(
(2, + 1)(1 - 2x)

X g(2r)(x) + g(2r+l l(x) _
2( n + 1)

«3r + 2)(2, + 1)/6) - (4,2 + 6r - n + 1)cp2(X»)+g(2r+ 2)( x) ---=- _
2( n + 1)2

::; C{cp2r(x)g(2r)(x) + n- 1cp2r(x)g(2r+l)(x)

+n- 2cp2r(x)g(2r+2l(x) + n- 1cp2r+2(x)g(2r+2l(x)}
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and with

/lip2rK~2r)P2r+2/1p:::; C{llip2rg (2r)/lp + n- l /lip2rg (2r+l l/l p

+ n -211ip2rg(2r+ 2)lI p + n - lllip2r+ 2g (2r + 2lllp}

we have in 0.25) the upper bound
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n - J /lip2rK~2r)R2r+3g/lp

:::; C{n-lllip2rg(2rlllp + n- 2(/l1f?2rg (2r+ll/l p + /lip2r+2g (2r+ 2l ll p )

+n -3/11f?2rg(2r+2l/l p}.

It is sufficient now to obtain an upper bound for (3.23). Since on account
of 0.6) the upper bound for (3.24) is a combination of (3.23) and (3.25).

We have with (2.19) for m = 1 and p = 1

Ilip2r+2K~2r+2lR2r+3gllp:::; Cn- 1/ 21Iip2r+2(ip2 + n-l)I/2g(2r+3lllp

:::; C{n-l/21Iip2r+3g(2r+3lllp + n-lllip2r+2g(2r+3lllp}.

So we get for all p ~ 1

n -I /lip2r+2K~2r+2lR2r+3g/lp

:::; C{n-3/211ip2r+3g(2r+3l/lp + n-2111f?2r+2g(2r+3lllp},

which proves the inequality (3.15).
Finally, with (3.13) and (3.15) there is

( n - 2r) '(n + 1)2r { ",2r }
• 2r[K(2r l _ (2r l ] _ ." [2K' ](2r+])

n! If? n g g 2( n _ 2r) ip ng
p

:::; C{n-lllip2rg(2rlllp + n -3/21Iip2r+3g (2r+ 3l ll p

+n-2(llip2rg(2rlllp + lIip2rg(2r+2lllp + Ilip2r+2g (2r+ 2l ll p

+llip2r+4g (2r+ 4l ll p )}. (3.26)

The following steps give estimates for the terms of the right-hand side of
0.26) involving the third order weighted modulus of smoothness
W

3(!(2r l. n -1/2)
'P ' cp2r. p.
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First of all we get
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n-3/21Icp2r+3g(2r+3lllp ~ n-3/21Icp2r+3g(2r+3lllp + II cp2r(t<2r) _ g(2r) lip

< CK 3(/(2r l. (n -1/2)3) ,
- 'P' 'f!~r.p

< Cw3(/(2r). n- 1/ 2) ,- 'P ,. 'P~r,p'

and with [3, p. 59]

n -2I1cp2r+4g (2r+4)!!p ~ n -2I1cp2r+4g (2r+ 4l ll p + II cp2r(/(2r l _ g(2 r»!lp

~ CK4(/(2r). (n- 1/ 2)4) ,
'P' 'P"",P

< Cw4(/(2r). n- 1/2 ) 2, < Cw3(/(2 rl. n- 1/2 ) 2,
- 'P ' 'P .p - 'P ' 'P ,p'

Next with (3.6)

n -21Icp2rg (2r+ 2l ll p

~ Cn -2{llcp2r+2g (2r+3)ll
p

+ IIcp2rg (2r+ Illlp}

~ Cn-2{llcp2r+2g(2r+3lIJp + Ilcp2r+2g(2r+2lllp + Ilcp2rg(2rlllp},

and together with cp(x) - n -1/2 and two inequalities of the weighted
approximation by polynomials (see [3, p. 91 and p. 108]) we have

n -21/cp2r+2g (2r+ 3l llp = n -3/21In -1/2cp2r+2g (2r+ 3l ll p

~ Cn - 3/211n - 1/2cp2r + 2g(2r+3lll~/n. I-(1/ nl]

~ Cn-3/21Icp2r+3g(2r+3)11~/n, (-(l/nlj

~ Cn-3/21Icp2r+3g(2r+3lllp

and

Finally we get with this consideration for (3.26) that

( n-2r)l(n+l)2r{ 2r}. 2r[ K(2r) _ (2r)] _ cp [2K' ](2r+l)
n! cp n g g 2( n - 2r) cp ng

p

(3.27)

which is already the desired result for the polynomial of best approxima­
tion to f. Now we make use of the fact that 1 = (I - g) + g =: F + g
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with Ilcp2r(J - g )(2rl ll p :s; CW~(J(2r); n - 1/2)lp2,. p [3, p. 55]. On the one
hand, we obtain with (2.11)

and, on the other hand, we still have to show that

II
(n-2r)!(n+1)2r cp2r 2KIF(2r+llll

n! 2( n - 2r) ('I' n) p

:s; Cllcp2rF(2rlllp = cllcp2r(f- g)(2rt
which means in detail that we have to verify the estimate

II

(n - 2r)f(n + 1)2r
. (cp2r+2K(2r+2)F + (2r + 1)(1 - 2x)qlrK(2r+I)F

n !2( n - 2r) n n

-2r(2r + 1)cp2rK~2rlF)t :s; CIIQ/rF(2r l/l p.

This is done by using «2.13), S = 0, which gives

II
(n - 2r)!(n + 1)2r cp2r+2 K(2r+2

lF
II

n! 2( n - 2r) n p

( n - 2r) !(n + 1)2r n
:s; C Ilcp2rF(2rlllp

n! 2(n - 2r)

:s; Cllcp2rF(2rlllp,

and (2.10; we obtain

II
(n - 2r)!(n + 1)2r __cp_2r_

K
(2r lF II

n! 2( n - 2r) n p

( n - 2r)1(n + 1)2r
< C Ilcp2rF(2rlll
- n!2(n - 2r) p

C
:s; 2 Ilcp2rF(2rlllp:S; Cllcp2rF(2rlllp.

n - r
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Also for the last term we estimate

II

(n-2r)!(n+l)2r ip2r K(2r+l lF II
n! 2(n-2r) n p

(n - 2r ) !(n + 1) 2r 1
::s; C-------- -----

n! 2(n-2r)

X {llip2r+2K~2r+2)Fllp + Ilip2rK~2rlFllp}

::s; Cllip2rF(2rlllp

and finally we have with (3.27) for p ~ 1

( n - 2r) 'en + 1)2r (
. ip2r( K 1- n(2rl -

n! n

(n - 2r ) !(n + 1) 2r

n!

2r )ip (2K' t)(2r+1l
2( n - 2r) ip n

p

+
(n - 2r)!(n + 1)2r

n!

X ( ip2r( Kng - g )(2rl - 2( nip~r2r) (ip2K~g )(2r+ 1l) p

::s; C{w;(t(2rl; n- 1/ 2)<p2r,p + n-'llip2rl(2rlllp},

which proves the theorem. I

3.2. THE EQUIVALENCE RESULT

Now it is the aim of this subsection to show a complete characterization
result, which includes an extensive class of functions.

Up to this point we can show with Theorem 3.1 and the Berens-Lorentz
lemma [1, p. 694] for IE Lp[O, 1] with 1(2r) E Lp[O, 1], 1 s p soothe
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equivalence between the following two statements

II~2r(Knf - f)(2r) lip = &(nr- ct ), (n ~ 00),

w;(t(2rl, t)'!'z"p = &(t2(ct-r), (t ~ 0),
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(3.28)

(3.29)

for r E Nand r < a < r + 1.
This subsection will extend the above result and close the gap for the

case a = r + 1. The key idea for this extension is to replace in all
estimates the weighted modulus of smoothness by a so-called order
function rfr which is a nonnegative function defined on [0, 1] with the
property

(3.30)

foral! 0 < t, h ~ 1, r > 0, (3.31)

for t > 0, kEN (C a suitable constant independent of t).
Examples are the functions rfr(t) := t ct , a E (0,2] and rfr(t) := t 211n tiP,

f3 E IR.
The following lemma [20, p. 259] shows that an order function rfr has

similar properties as the weighted modulus of smoothness.

LEMMA 3.3. Let rfr l, rfr2 be monotone increasing and nonnegative func­
tions defined on [0, 1]. If

rfr 1(t) ~ C { rfr2( h) + :: rfr I( h) } ,

then

rfr (h) < A {h r -(]/2l [I rfrl t) dt + h r -(l/2)}
I - J

h
t r +(1/2) , (3.32)

where A depends on C > 1 and rfr\(I), rfr2(I).

THEOREM 3.4 (Equivalence Result). Let f E Lp[O, 1] with j<2r
) E

Lp[O, 1], 1 ~ p < 00, r EN, cp(x) = ";x(1 - x) and rfr be an order function
satisfying (3.30). Then the following statements are equivalent:

(j) Ilcp2r(Knf - f)( 2rt = &( rfr(n- I/ 2) + ~) (n ~ 00);

(ij) w;(J(2r); t),!,l'.p = &(rfr(t) + t 2) (t ~ 0).

We have for the functions l/J(t) = t 2 and rfr(t) = t 21ln tl the following
corollary which closes the gap in the first equivalence result 0.28) and
(3.29) and further it gives us a complete characterization form with the
"intermediate regulation" functions for the rate of weighted simultaneous
L p-approximation.
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COROLLARY 3.5. Let f E Lp[O, 1] with f(Zr) E Lp[O, 1], 1 =:;; p < 00, r E

N, and cp(x) = ..;x( 1 - x) .

1. Especially for ljJ(t} = t Z we obtain the equivalence

IlcpZr(Knf- f)(zrt = &(n- I )

~ w;(t(Zr); t}'I'2'.p = &'(t z )

~ w;r+2(f; t)p = &(t Zr +2)

(n ~ 00),

(t ~ 0),

(t ~ 0),

closing the above mentioned gap.

2. For ljJ(t) = t ziln t I we obtain the new equivalence

Ilcpzr(Knf - f)(zr)llp = &'(n-1Iln nl)

= w~(t(2rl; t)",2',p = &,(tZllo tl)

=w;r+z(f; t)p = &'(tZ(r+lllln tl)

(n ~ 00),

(t ~ 0),

(t ~ 0).

Proof of theorem 3.4. For the direct result (ij) = (i) we see that with
Theorem 3.1

Ilcpzr(Knf- f)(zrt =:;; c{w~(t(Zrl;n-l/Z)'I'2'.p + n-Illcpzrj<zrlllp}

= &,(ljJ(n- 1/Z ) + ~).

On the other hand, for (j) = (iD we have to prove only the important
case for ljJ(t) ~ Ct Z that means that we have the assumption

(3.33)

In a first consideration we show that w~(f(zr); t}'I'2', p satisfies the assump­
tion of Lemma 3.3.

Lemma 2.2 (for s = 2) and the monotonicity of the modulus of smooth­
ness gives for g with cpZrg(Zr l, cpZr+4g(Zr+4) E Lp[O, 1] and t - n- 1/Z , t > 0

w4(f(Zr J. t) 2
'P 'q?r. p

=:;; c{llcp2r(f - Knf)(Zrlllp + t4(llcpzr+4K~zr+4)(f - g) lip

+ Ilcpzr+4K~zr+4)gllp)}

=:;; C{ ljJ( n -liZ) + t 4n Z(II cpZr(f - g) (zrt + n - 211cpZr +4g (Zr+ 4J ll p )}.
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Taking the infimum over those g and making use of the equivalence
between weighted K-functionals and corresponding weighted moduli of
smoothness, we obtain

(3.34)

This upper bound of w~(J(2r); t).p2',p corresponds to the inequality (3.31)
in Lemma 3.3 with r = 4 and h = n -1/2.

Combining this and property 0.30) for l/J we see that w:(J(2r); t}.p2', p

behaves similar as the function l/Jl in Lemma 3.3. So we get with (3.34)

I l/J( t)
w 4 (f(2r). h)' < Ah 4 -(I/2)1 dt

.p , .p",p - h t 4 +(1/2)

(3.35)

Using Marchaud's inequality [3, Chap. 6] there is

w 3(f(2r l • h)' < C"'(h)'P ''P d
, P - V' •

With the modified Voronovskaja Theorem 3.2 we know that for f E Lp[O, 1]
with f(2r) E Lp[O, 1] the estimate

holds true.
From this and the assumption (3.33) we get

!12(nCP~r2r) (cpZK~t)(Zr+lt

II

tnZr+Z (2r + 1)(1 - 2x)=... K(2r+ 2lf + 2rK(Zr+ 1)f
2(n - 2r) n 2(n - 2r) cp n

2r + 1 II_ cpZrK(Zr'f
n - 2r n

p

(3.36)
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To complete the proof we still have to verify the estimate

(3.37)

since then

K;(t(2r); t 2),/,2'.P :::; c{llep2r(f - Kn f)(2r)llp + t21Iep2r+2K~2r+2>tllp}

:::; CljJ(t) :::; C(ljJ(t) + t 2)

and the final conclusion (j) = (ii) of this theorem is proved.
First of all we obtain that (3.36) and the Bernstein inequality (2.11)

imply

II
ep2r+2 K(2r+2)f + _(2_'_+_I_)_(I_-_2_x_) ep2rK~2r+l)fll :::; CljJ(n- 1/ 2).

2( n - 2,) n 2( n - 2,) p

(3.38)

If

1
----lIm2rK(2r+lJ:r1l < C·I'(n- I/ 2)
2( n - 2,) or n P - 0/

then we get with (3.38) the estimate (3.37).
This is done for p > 1 in a routine way utilizing the Hardy-Littlewood

majorant of the denominator on the left-hand side of (3.38) multiplied
with ep2r.

In the missing case p = 1 we have for 0 :::; x :::; i:

:::;CIIHlll'
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With similar considerations we have for x E [~, 1] and to - x) S
\02(X) S (l - x) that 1I\02rK~2r+lljll[//2.1JS CIIHII 1.-

Finally we get for 1 s p < 00

together with 0.38)

1 1I\02rK(2r+1)t11 < cjl---2-r-)Hllp sCl/J(n- 1
/

2
),2(n - 2r) n p - 2(n

which proves the theorem. I
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